Abstract-In this paper, a special integrated plant/output-feedback controller optimization problem is studied, which optimizes a single plant parameter while satisfying open-and closed-loop static and dynamic performance requirements. Both polytopic model uncertainties and multi-mission optimization are considered in the integrated design optimization. A necessary and su cient condition is given for the solvability of such an optimization problem. Based on the condition, a design optimization method is presented in terms of linear matrix inequalities. An aircraft example is applied to demonstrate the proposed method.
I. Introduction
Traditionally, the design optimization of a plant, such as aircraft and underwater vehicles, and its controller abides a sequential strategy whereby the plant is designed and optimized first, followed by the controller. Although this sequential strategy has been used successfully in most of the missions in the past, it may not guarantee system-level optimality as the plant and controller optimization problems are coupled. Such coupling is widely accepted in the control community [3] , but is minimized in the sequential strategy.
It has been recognized that significant improvements in the overall system performance and cost are possible if the process of plant design and control system development were integrated. This integrated design strategy is to simultaneously optimize the design parameters of both the plant and controller so as to satisfy desired design specifications and optimize the closedloop performance. Recent research on flexible space structures [6] , aeroservoelasticity [8] , mechatronics [11] , electric motors, and many other systems has shown that the integrated strategy furnishes better systems than the sequential strategy. Nevertheless, the integrated plant/controller optimization problem is not guaranteed to be convex even when the plant and controller optimization subproblems are individually convex. This
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Recently, several integrated H plant/controller design approaches have been presented [7] , [4] , [10] . In [7] , an integrated aircraft/controller design is formulated and an iterative LMI-based algorithm is suggested to solve the optimization problem: at each iteration, for a fixed plant find a feasible controller, and then for a fixed controller minimize the cost function over the plant parameters. However, only state-feedback is considered and convergence properties cannot be guaranteed for the proposed algorithm. In [10] , Yang and Lum continue to pursue the integrated plant/state-feedback controller design optimization problem. An iterative LMI-based algorithm with convergence properties is proposed. The dynamic output-feedback problem is considered by Grigoriadis and Wu [4] , also using an iterative LMI approach. The proposed algorithm guarantees convergence. Unfortunately, the assumption that the control input matrix is independent of design parameters of the plant seems too restrictive. Moreover, all of these approaches did not consider model uncertainties and multi-mission operation.
This paper investigates a special type of integrated plant/output-feedback controller optimization problems where only one plant parameter is to be optimized, e.g., designing the size of a control surface (such as an elevator) of an aircraft. As is well-known, a smaller elevator results in a low overall aircraft system cost and low drag but a downgraded overall aircraft system performance. On the contrary, a larger elevator results in a high overall system cost and high drag but a better overall system performance. Hence, there is a trade-o between the size of elevator and the overall system performance. In this paper, an LMI-based approach is presented to optimize one single plant parameter, subject to finding a dynamic output-feedback controller that satisfies the closed-loop H performance requirement. Furthermore, polytopic model uncertainties and multi-missions are also considered in the design optimization.
The rest of this paper is organized as follows. In Section II, the integrated plant/output-feedback controller design problem is formulated. Section III presents an LMI-based optimization approach for solving this problem. In section IV, an F-4 fighter aircraft is used to illustrate the design optimization, followed by concluding remarks in Section V.
II. Problem Formulation
Consider a set of polytopic uncertain aircraft models with a varying aircraft parameter as follows.
The subscript i (i = 1, 2, · · · , m) represents the linear aircraft model corresponding to the ith mission to be executed. x pi (t) R n i is the state vector, u i (t) R n ui is the control input vector, y pi (t) R n yi is the measured output vector, z i (t) R nzi describes the performance output vector and w i (t) R nwi is the disturbance vector. For the ith mission, the system matrices
and C p2i ( ) are given by
where the matrices A plij , B p1lij , B p2lij , C p2li , C p1i and
are known constant matrices of appropriate dimensions, and the
T R L i is the uncertain constant parameter vector and satisfies
Then, for the ith mission, the uncertainty polytope of the system (1) is given by
which has the following L i vertices
The scalar is the aircraft design parameter to be optimized and belongs to the set
Assume a nominal control surface (e.g., elevator) of sizē S e has been chosen in a prior design stage. The present problem is to determine if this size can be further adjusted downward, i.e., to find a S e [S eS e ] given by S e =S e + (S e S e ). Hence = 0 corresponds to the nominal (i.e., largest) and = 1 corresponds to the smallest allowable size of the control surface.
Assume that the aircraft model with the nominal (i.e., largest) control surface size satisfies
Consider the following stabilizing dynamic outputfeedback controllers
where x ki R n ki is the state vector of the dynamic output feedback controller corresponding to the ith mission. Denote this controller by
Furthermore, denote
Then, the closed-loop systems are described by i hẋ Figure 1 gives the block diagram of the closed-loop system (9) .
. Interconnection of Plant and Controller
The design objective is to minimize the size of the control surface (that is, to maximize the parameter ) subject to the existence of a set of stabilizing dynamic output-feedback controllers as in (7) satisfying the closed-loop performance requirement. In other words, we seek to solve the following optimization problem maximize subject to
where z i w i (s) denotes the transfer function of the ith closed-loop system of (9) with (11) Hence, both the aircraft parameter and controller parameters K i (i = 1, 2, · · · , m) are taken into account in the optimization problem (10) . Moreover, in the optimization problem (10), aircraft model uncertainties are considered in the form of polytopic uncertainties and multiple missions are also considered simultaneously.
III. Integrated H Plant/Controller Design Lemma 1: [12] Consider the parameter-dependent linear systems P i , i = 1, · · · , m, as in (1) and dynamic output feedback controllers (8), and a plant parameter such that for all i = 1, 2, · · · , m,
Note that * denotes symmetric entries of a symmetric matrix. It is applicable to the rest of this paper. Remark 1: Lemma 1 gives a necessary and su cient condition to solve the integrated plant/ output-feedback controller design problem. However, as , Y i and K i (i = 1, 2, · · · , m) are variables, the condition (12) is not an LMI. To be numerically solvable, it needs to be transformed into an LMI.
In the following, an important lemma is introduced. Lemma 2: (Projection Lemma) [1] Given a symmetric matrix and two matrices P and Q, there exists an X such that the following LMI holds
if and only if the following projection inequalities are satisfied N T P
where N P and N Q denote arbitrary bases of the null spaces of P and Q, respectively. Since the inequality (12) can be rewritten as
according to Lemma 2, it is equivalent to
where N P and N Q are the bases of the null spaces of the matrices [C 2i ( ) 0 0] and
In the following, the plant parameter and controller parameters are individually optimized.
A. Design Optimization of Plant Parameter
Partition Y i and
and denote
It is easy to see that
Multiplying Z T 1i and Z 1i on the left and right sides of
with E i R (n i +n wi +n zi )×n yi and H i R (n i +n wi +n zi )×n ui . Theorem 1: For given scalar i > 0 (i = 1, 2, · · · , m), if there exist a plant parameter , symmetric positive-definite matrices S i R n i ×n i and R i R n i ×n i , and matrices E i and
then there exist dynamic output-feedback control matrices K i (i = 1, 2, · · · , m) as in (8) such that the closed-loop system i (i = 1, 2, · · · , m) in (9) are robustly stabilized and satisfy || ziwi (s)|| < i (i = 1, 2, · · · , m).
Proof: Due to the space limitation, the proof is omitted.
Now the optimization problem of the plant parameter is equivalent to a generalized eigenvalue problem (GEVP) stated as follows: minimize subject to the following LMIs
where i0 (i = 1, 2, · · · , m) are given closed-loop H performance upper bounds corresponding to the ith mission. Then the optimized plant parameter opt = 1/ opt . Remark 2: Theorem 1 gives a su cient condition for the optimization of the aircraft parameter . Once the optimal opt is obtained, the optimal dynamic outputfeedback controllers K i (i = 1, 2, · · · , m) as in (8) can be solved by using the following approach.
B. Design Optimization of Controllers
With the optimized plant parameter opt from Section IIIA, we now look at the optimization of the controller parameters.
Performing a congruence transformation with diag{Z 1i , I, I} on the matrix inequality (12), we have the following equivalent matrix inequality
Partition Z 1i and Z 2i as in (19), then (31) can be rewritten as
Now the optimal dynamic output-feedback controllers K iopt (i = 1, 2, · · · , m) can be solved as follows:
Step 1 For a given opt , minimize i subject to (24) and
Then we obtain S iopt and R iopt (i = 1, 2, · · · , m).
Step 2 Let
Then we have A kiopt , B kiopt , C kiopt , D kiopt . Remark 3: For integrated plant/controller design optimization, the optimization of plant parameter can be separated from the optimization of controller parameters by using the projection lemma. For the singleparameter case, the corresponding plant parameter optimization problem can be reformulated as a GEVP problem. However, this is not true for the multi-plantparameter case. The integrated plant/controller optimization design problem for the multi-plant-parameter case is addressed in the paper [5] .
IV. Example
In this section, a polytopic uncertain model of the longitudinal dynamics of an F-4 fighter aircraft [2] is used to demonstrate the proposed integrated plant/controller optimization approach. A mission with the following system performance requirements is considered.
• The closed-loop system must be internally stable.
• There should be no steady-state error in the response to step commands in the angle of attack and flight path angle (= , is pitch angle).
• A flight path angle of 1 degree must be generated using elevator and spoiler deflection of less than 20 and 40 degrees, respectively.
The design objective is to minimize the size of the elevator of the F-4 aircraft (i.e., maximize , [0, 1]) subject to the existence of a dynamic output-feedback controller that satisfies the above system performance requirements.
To achieve zero steady-state tracking errors of the angle of attack and flight path angle, the augumented aircraft system is described by (1) with m = 1,
T , and
Here u U represents the perturbation in relative velocity; q is pitch rate; tracking error e = c with c being command signal of angle of attack ; tracking error e = c with c being command signal of flight path angle ; w g1 represents the vertical gust disturbance; e represents elevator deflection; s represents spoiler deflection; and t represents thrust.
Applying the GEVP method for plant parameter optimization proposed in Section IIIA, we obtain the optimal design parameter opt = 0.7432 when the design performance index 10 = 1.1 is chosen. Here, the larger opt is, the smaller the size of elevator. In this example, opt = 0.7432 indicates that the fighter aircraft can be stabilized and perform tracking task with a much smaller elevator size. Applying the optimization approach for controller parameters proposed in Section IIIB, we obtain an optimal dynamic output-feedback controller that achieves the optimal closed-loop H performance 1opt = 1.09. It is noted that there is a very small gap between the designed H performance upper bound 10 = 1.1 and the achieved H performance upper bound 1opt = 1.09. It indicates that solution for optimal plant parameter has almost no conservativeness although only a su cient condition is provided for optimization of plant parameter. This can be further verified by Figure 2 , which shows the curve of the closedloop H performance vs the plant parameter . Here, for each and 1 obtained by using grid method, the closed-loop H performance is calculated by using the approach proposed by Scherer, et al [9] .
To compare the performance of the aircraft with = 0.7432 to the performance of the nominal aircraft with = 0, Figure 3 However, the elevator deflections with = 0.7432 are larger than those with = 0. It should be stressed that usually the size of elevator cannot be as small as in this example because only one mission is considered here. In practice, multiple missions and large uncertainties as well as more realistic disturbances need be considered simultaneously, resulting in much larger elevator size. V. Conclusions This paper investigates a special simultaneous design optimization problem for integrated plant/outputfeedback controller where only one plant parameter has to be determined. By using the projection lemma Lemma 2, the optimization of plant parameter can be separated from the optimization of dynamic outputfeedback controller parameters. And both of them are based on solvability of LMIs. The F-4 fighter example demonstrates that the proposed approach is e ective on the integrated plant/output-feedback controller optimization design. Next, this approach will be extended to handle the integrated plant/output-feedback controller optimization design where more than one plant parameters have to be determined.
